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Abstract. Non-congruent gas-liquid phase transition (NCPT) have been studied [1] in
modified Coulomb model of a binary ionic mixture C(+6) + O(+8) on a uniformly compressible
ideal electronic background /BIM(∼)/. The features of NCPT in improved version of the
BIM(∼) model for the same mixture on background of non-ideal electronic Fermi-gas and
comparison it with the previous calculations are the subject of present study. Analytical fits
[2] for Coulomb corrections to EoS of electronic and ionic subsystems were used in present
calculations within the Gibbs–Guggenheim conditions of non-congruent phase equilibrium
[3].Parameters of critical point-line (CPL) were calculated on the entire range of proportions
of mixed ions 0 < X < 1. Strong “distillation” effect was found for NCPT in present BIM(∼)
model. Just similar distillation was obtained in variant of NCPT in dense nuslear matter [4].
The absence of azeotropic compositions was revealed in studied variants of BIM(∼) in contrast
to explicit existence of azeotropic compositions for the NCPT in chemically reacting plasmas
and in astrophysical applications [4, 5].
1. Introduction
The phase transition can be called non-congruent (or incongruent), if transition between two
coexisting phases involves a change in composition. In some physics fields this term is well-
known, but in several communities it remains unexamined. It is important to consider a simple
model, where this effect is significant, to understand all properties of studied effect. The Potekhin
and Chabrier equation of state [2] and related approximations were used as the base model, which
are quite popular in the astrophysical community. In this study, calculations were made including
all sorts of interparticle correlations in contrast to previous work [1], where the simplified model
was used including only the ion-ion correlations to demonstrate the effects of non-congruence.
The modified model of binary ionic mixture, which describes fully ionized plasma, was chosen
for the study. The main modification consists in changing the background electron properties.
Incompressible “rigid” background of electrons was changed to uniformly compressible, which
leads to a new gas-liquid like phase transition with an upper critical point. To describe the
mixture properties the linear mixing rule (LMR) was used, since the presence of independent
component (another sort of ions) always brings non-congruence effect.
2. Equation of state for BIM(∼)
At first we have to consider the equation of state of Potekhin and Chabrier and related
approximations in case of binary ionic mixture. The Helmholtz free energy F for the system
can be written as the sum
Ftot = F
i
id + F
e
id + F
ex, (1)
where first term denotes the ideal free energy of classical nonrelativistic ions of two sorts (the
carbon and oxygen ions were taken with the corresponding charges and masses for calculation).
F iid = N1kBT (ln(n1λ
3
1)− 1) +N2kBT (ln(n2λ32)− 1), (2)
where λi = (2pih¯
2/mikBT )
1/2 is the thermal wavelength of ions. kB is the Boltzman constant, T
is the temperature of the equilibrium plasma, h¯ is the Planck constant, mi, Ni, ni are the mass,
number and concentration of the ions respectively. For electron we use
F eid = Neµ
e
id − P eidV, (3)
where µe
id
is the electrochemical potemtial and P e
id
is the pressure of the ideal Fermi gas.
The general model does not take into account relativistic effects, because the parameter
τ = (kBT/mec
2), where me is the electron mass and c is the speed of light can be written
as T/5.93 × 109K and the maximum temperature of the calculations is 4.27 × 105K. Thus, we
can write
P eid =
(2me)
3/2I3/2(χ)
(3pi2h¯3β5/2)
, (4)
ne =
√
2(me/β)
3/2I1/2(χ)
pi2h¯3
, (5)
where β = (kBT )
−1, χ = βµe
id
and
Iν(χ) =
∫
∞
0
xν
exp(x− χ) + 1dx (6)
is the Fermi-Dirac integral. The electrochemical potential is obtained from the relationship
χ = X1/2(2θ
−3/2/3), (7)
where Xν is the inverse Fermi integral. We use approximations that have high accuracy for
these and reverse integrals from work [6]. The strict condition of electroneutrality is satisfied
ne = Z1n1 + Z2n2, where Z1 = 6 and Z2 = 8.
The excess part of free energy (1) can be written as F ex = Fee+Fii+Fie; the ii and ie states
for ion-ion Coulomb interactions and electron-screening quantities respectively, and ee is the
exchange-correlation contribution in the electron fluid. To describe the mixture excess energy
we use so-called linear mixing rule (LMR) in terms of the free energy of the pure phases
fex(Z1, Z2,Γe, x1) ≈ x1fex(Γ1, x1 = 1) + (1− x1)fex(Γ2, x1 = 0), (8)
where Γi = ΓeZ
5/3
i , x1 = N1/(N1+N2) and Γe = e
2β/ae is the electron coupling parameter and
ae = (
4
3
pine)
−1/3 is the mean interelectron distance. It is worth noting that the calculations in
this paper were conducted with several sets of correlation. For ion-ion interaction from [7] we
have
fii(Γi) = A1(
√
Γi(A2 + Γi)−A2ln[
√
Γi/A2 +
√
1 + Γi/A2]) + 2A3[
√
Γi − arctan(
√
Γi)], (9)
where A1 = −0.9052, A2 = 0.6322 and A3 = −(
√
3/2) −A1/
√
A2. The calculated values of the
screening free energy are fitted by the following function from [2]:
fie = −Γe cDH
√
Γe + cTFaΓ
ν
eg1(rS)
1 + [b
√
Γe + ag2(rS)Γνe/rS ]
, (10)
cDH =
Z√
3
[(1 + Z)3/2 − 1− Z3/2], (11)
cTF = 0.2513Z
7/3(1− Z−1/3 + 0.2Z−1/2). (12)
where a = 1.11Z0.475, b = 0.2 + 0.078(lnZ)2, ν = 1.16 + 0.08lnZ.
g1(rS) = 1 +
0.78
21 + Γe(Z/rS)3
(
Γe
Z
)1/2, (12)
g2(rS) = 1 +
Z − 1
9
(1 +
1
0.001Z2 + 2Γe
)
r3S
1 + 6r2S
. (13)
The exchange-correlation free energy fee was taken from the [8].
General pressure of the system and electrochemical potentials of the ions are obtained from
formulas:
Ptot = −(dFtot
dV
)Ni,T , µi = (
dFtot
dNi
)V,T . (14)
3. Equilibrium conditions
Phase equilibrium conditions for two macroscopic phases are well known for the case when
coexisting phases consist of arbitrary mixtures of neutral species and include conditions of
equilibrium heat and impulse exchange (equality for pressures and temperatures: P ′ = P ′′, T ′ =
T ′′) and equations of equilibrium matter exchange[3]. They have two variants for systems
consisting of two or more chemical elements. The first one is connected with the partial
equilibrium for matter with given fixed stoichiometry, or can be equivalent to the well-known
Maxwell “equal squares” construction for pressure-volume dependence (for example in case of
Van der Waals equation of state). More general is the well-known “double tangent” construction
for two free energies, F ′(V,N1, N2, T ) and F
′′(V,N1, N2, T ) from different equations of state (for
example crystal-fluid phase transition). The final equilibrium condition corresponds to equality
of Gibbs free energies with fixed chemical composition (n = N/V is the concentration of particles
in the system):
T ′ = T ′′ = T, P ′(T, n′, x) = P ′′(T, n′′, x), G′(T, n′, x) = G′′(T, n′′, x). (15)
The second variant corresponds to the equilibrium for exchange by each species with different
chemical composition of coexisting phases (x′ 6= x′′), but without changes of total stoichiometry.
This variant leads several equalities for chemical potentials of the mixture µi (i = 1.2, . . . , k–all
species), defined as ∂F∂Ni T,V,Nj 6=i
:
P ′(T, n′, x′) = P ′′(T, n′′, x′′), µ′i(T, n
′, x′) = µ′′i (T, n
′′, x′′), αx′ + (1− α)x′′ = x. (16)
This form is also well known under the name “Gibbs conditions”. The case with equilibrium for
charged species is more complicated. The first basic point is that electroneutrality conditions are
added for both cases, which were presented above. Maxwell conditions do not change and still
valid for Gibbs free energies, G′ and G′′. Besides electroneutrality restrictions two additional
quantities appear in description of equilibrium conditions as independent variables. It is average
electrostatic potentials, ϕ′(r) and ϕ′′(r) [9]. Therefore, a remarkable feature of any Coulomb
system is the existence of two versions of chemical potentials, the ordinary one µi (which has to
be local quantity depending on local variables) and µ˜i (generalized electro-chemical potential,
which is not local). The last one depends on non-local sources of influence, such as total charge
disbalance including surface dipole, other surface properties etc. In uniform Coulomb system
µ˜i is equal to the sum of ordinary chemical potentials µi({nk} , T ) and average electrostatic
potential ϕ = ϕ(r →∞), which has to be uniform also:
µ˜i = µi({n(r)} , T (r)) + Zieϕ(r). (17)
Speaking about the equilibrium conditions, the values of chemical potentials must not be equal,
but electro-chemical potentials have the same values in coexisting phases:
µ′i(
{
n′
}
, T )) 6= µ′′i (
{
n′′
}
, T ), µ˜′i(
{
n′
}
, T )) = µ˜′′i (
{
n′′
}
, T ). (18)
This form of phase equilibrium equations is known as “Gibbs-Guggenheim conditions”(GG
conditions, c.e.g [3, 10]).
Figure 1. P ∗−T ∗ diagrams for carbon-oxygen mixture in congruent (black) and non-congruent
equilibrium mode (colored) with marked pseudocritical (congruent critical point — CCP) and
critical points (CP). Green, blue and red lines states for different sets of correlations (see the
picture). L and G states for formal liquid and gas phases.
4. Phase diagrams in intensive variables
In this work the forced-congruent equilibrium (FCE further) regime was used for comparison,
and it is that one of the conditions of equilibrium—electrochemical potential equality have to be
satisfied for complex bound of ions. In this case we get the so-called model of “frozen diffusion”,
which imposes a strict limit on the change in the composition of the coexisting phases. This
model has the typical one-dimensional phase boundary in P − T coordinates for the transition
of the gas liquid type and critical point with standard properties ((dPdV )T = 0 and (
d2P
dV 2 )T = 0).
Figure 2. T ∗−µ∗ diagrams for carbon-oxygen mixture in congruent (black) and non-congruent
equilibrium mode (colored). Green, blue and red lines states for different sets of corellations (see
the picture).
But in general this condition is not required to be satisfied — instead of a single equality the
system of equalities for every electrochemical potential of each component (in this case — carbon
and oxygen ions) have to be satisfied. Then we get non-congruent phase transition, as well as
the existence of two solutions instead of one. Above described model with equilibrium conditions
allows us to calculate all sets of equilibrium parameters. One of the solutions corresponds to
the start of boiling or the first appearance of vapor bubbles in the liquid phase with a fixed
stoichiometry (further BC — boiling curve, a curve with a fixed ratio in the liquid phase, but
with different gas stoichiometry) and another — to the start of evaporation or the appearance
of liquid droplets in a gas (further SC — saturation curve, fixed ratio in the gas phase, different
liquid stoichiometry). This leads to the appearing of two-phase zone in intensive variables in
contrast to the FCE mode. It should be noted that the liquid and gas are the formal designation
of the phases with the highest density (and therefore the degree of interaction) and the least
respectively, because of the fully ionized plasma case.
The same “banana-like” structure of 2-phase region was obtained in research of non-congruent
phase transition in the uranium dioxide model [5, 11] and in the study of liquid-gas phase
transition in nuclear matter [4]. BC and SC solutions join in the critical point (“true ” critical
point or CP further), that does not match with the point obtained in FCE mode (congruent
critical point or CCP). The pictures shows the phase diagram in the intensive variables for the
three models, different sets of interparticle correlation (see figures 1 and 2).
The simplest model is located in a low-temperature region and describes an ideal gas of
ions on the background of the ideal electrons taking into account only the ion-ion correlations.
Adding new non-ideal part moves critical (as well as pseudocritical) point to higher temperatures,
the following model takes into account electron-electron interaction and corresponds to DOCP
(double OCP) model in case of one-component plasma (mixed OCP of ions and OCP of electrons
excluding the interparticle interactions between these varieties) and last—full EoS of Potekhin
and Chabrier with all interactions.
Figure 3. n∗e−T ∗ (Electron concentrations
(density analogue ne = Z1n1 + Z2n2)—
normalised temperature) for equilibrium
according to the calculations with full
Potekhin and Chabrier EoS. Black lines—
congruent mode of equilibrium, red—
non-congruent. Upper lines state for
liquid phase, lower—gas, middle line—
diameter(half-sum of the densities for
coexisting gas and liquid phases). The
picture describes the boiling curve.
Figure 4. n∗e−T ∗ (Electron concentrations
(density analogue ne = Z1n1 + Z2n2)—
normalised temperature) for equilibrium
according to the calculations with full
Potekhin and Chabrier EoS. Black lines—
congruent mode of equilibrium, red—
non-congruent. Upper lines state for
liquid phase, lower—gas, middle line—
diameter(half-sum of the densities for
coexisting gas and liquid phases). The
picture describes the saturation curve.
The studied model allows us to consider the majority of the thermodynamic quantities and
parameters responsible for balance in the system. Phase diagrams for the concentration of
particles in the system depending on temperature are built for full EoS (see figures 3 and 4).
The behavior of the phase boundaries in the congruent and non-congruent mode of equilibrium
differs significantly from each other. The first noticeable difference is the coexistence of two
scenarios—BC and SC (see above), the last is remarkable for its retrograde area, which also has
several coexisting phases at fixed temperature. Another notable difference is a very different
position of the critical point, unlike in the FCE regime and other properties of CP (which will
not be examined in details in this work).
In the study of real substances and Coulomb models, there are many semi-empirical rules
that allow to make accurate assessments about the thermodynamic parameters of the system,
including the properties and position of the critical point. Traditional rule of “rectilinear
diameter” of Calliete Matthias for density-temperature two-phase boundary is well known for
many years. According to this semi-empirical rule the dependence of half-sum of the densities
(“the diameter”) for coexisting gas and liquid phases on temperature is almost linear usually
up to close vicinity of critical point. This is true for congruent mode, but in non-congruent case
the diameter does not lead to the CP and also difficult to be approximated with a straight line.
5. Galvani potential
Every phase boundary in Coulomb system is accompanied by a finite gap ∆ϕ in the average
electrostatic potential through the phase interface [3, 12], because of the GG equalities combined
with the electroneutrality conditions. It is worth mentioning that because of the last condition
there is no charges on the interphase border.
Figure 5. ∆ϕ(V ) − T∗ diagram: Elec-
trostatic potential of gas-liquid interface
(Galvani potential) in congruent (black)
and non-congruent (colored) scenario of
phase coexistence in equimolar C-O mix-
ture (1:1). Correlations sets are given on
the picture.
Figure 6. P ∗ − T ∗ − X diagram for
fully ionized plasma (only with ion-ion
corellations) with different C-O composi-
tion and two versions of critical points
line. Blue lines—P ∗(T ∗) for pure C and
O plasmas, for C-O (X=0.5) mixture, C-
O (X=0.23) and C-O (X=0.78) in forced-
congruent regime; Black lines—the same
for mixtures in case of non-congruence with
2 solutions of equilibrium; Green dashed
line consists of congruent critical points (or
pseudocritical points); Red dashed–the set
of true critical points.
∆ϕ states for the thermodynamic quantity, which is influenced only by temperature and
chemical composition and not surface properties. The equilibrium potentials of electrons
were explicitly taken from the calculated parameters and according to its difference the
Galvani potentials were built for different models in this work. This difference with increasing
temperature decreases monotonically to the critical point, but the magnitude of the jump
depends on the model and the regime of equilibrium (see figure 5).
6. Additional features of the BIM(∼)
The so-called “end” points—with a maximum pressure (PMP—pressure maximum point) and
the maximum temperature (TMP) appear in the two-dimensional coordinates, and in general
they do not coincide with the CP (except certain ratios). The difference in the locations of these
points can be observed in [1]. Parameters of critical points line were calculated for the entire
range of proportions of ions, as well as the parameters of this line in congruent mode. There
is a significant difference in the behavior of these curves, most notably manifested at an equal
ratio of components (see figure 5).
By observing the concentrations of ions behavior (and the total number of particles because
of the electroneutrality condition) depending on the temperature in different solutions (BC and
SC) the distillation effect was observed. It influences the equilibrium stoichiometry, the system
advantageously consists of mainly the one component. From the thermodynamics point of view
and minimizing Helmholtz Free energy system moves to the one component in the coexisting
phase. The graphs can be seen in work [1].
This distillation effect can be also observed in nuclear matter, which was mentioned above
[4], while at the same time for comparison can be demonstrated in [5, 11] for chemically active
plasma, where this effect is not present, and the phenomenon of non-congruence drops at low
temperatures.
7. Summary
Non-congruent gas-liquid phase transition have been studied in modified Coulomb model of a
binary ionic mixture /BIM(∼)/. The studied model allowed us to calculate the majority of
the thermodynamic equilibrium values and to build different phase diagrams. In this paper the
comparison of the obtained calculation results for models with different sets of nonidealities was
demonstrated. Parameters of critical points-line was calculated on the entire range of proportions
of mixed ions 0 < X < 1. Strong “distillation” effect was found for NCPT in present BIM(∼).
The Galvani potential was calculated also, which plays an important role in the equilibrium of
the Coulomb system. Several papers were mentioned for comparison of the results obtained and
the features of the model.
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